Abstract: Nonlinear diffusion, proposed by Perona and Malik, is a wellknown method for image denoising with edge preserving characteristics. Recently, nonlinear diffusion has been shown to be equivalent to iterative wavelet shrinkage, but only for (1) MallatZhong dyadic wavelet transform and (2) Haar wavelet transform. In this paper, we generalize the equivalence of nonlinear diffusion to nonlinear shrinkage in the standard discrete wavelet transform (DWT) domain. Two of the major advantages of the standard DWT are its simplicity (as compared to 1) and its potential to benefit from a greater range of orthogonal and biorthogonal filters (as compared to both 1 and 2). We also extend the wavelet diffusion implementation to multiple scales. The qualitative and quantitative results shown for a variety of images contaminated with noise demonstrate the promise of the proposed standard wavelet diffusion.
Introduction
A common problem with image or video signals is the contamination with undesired noise. This poses problems both for visual quality and automated analysis. Many automated analysis operations (e.g., segmentation, edge detection) are highly sensitive to noise. It is often desirable to remove or suppress the noise by means of a pre processing operation. Many denoising methods consider noise as either high frequency content or outlier, potentially confusing the edges with noise and smoothing them during the process of noise removal. Edges are important features containing structural information that should be preserved. Nonlinear diffusion, initially proposed by PeronaMalik [1] , is a popular iterative method for noise removal that attempts to perform edgepreserving smoothing.
During the last decade or so, the discrete wavelet transform (DWT) has also been shown [2] to be a highly successful way of signal denoising, as it effectively separates signal and noise in the wavelet domain. The DWT based denoising, termed also as wavelet shrinkage, works by thresholding (often, nonlinearly) the wavelet coefficients before reconstructing the denoised signal from wavelet decomposition coefficients. One of the problems with wavelet shrinkage is that it results in valleys around edges (termed as ringing artifacts) which can be reduced by cycle spinning [3] , at the cost of increased computational and storage complexity.
Recently, it was shown in [4, 5] that a single step of nonlinear diffusion can be considered equivalent to a single shrinkage iteration of coefficients of MallatZhong dyadic wavelet transform (MZDWT) [6] . In other words, it is possible to perform diffusion in the wavelet domain such that the benefits of both the techniques could be combined. Nonlinear diffusion begins with an edge estimate, typically obtained through a gradient operator, which may be badly influenced by the noise present in the image. It is believed that the edge estimate in the wavelet domain is much less sensitive to noise due to its characteristics of better low and highfrequency separation. However, MZDWT is an uncommon variant of standard DWT and is not commonly utilized. It has its own subband filtering framework and a set of wavelet filters, which are usually derived from the derivative of a smoothing function (e.g., cubic spline). Moreover, MZDWT may not be able to benefit from the great variety of orthogonal and biorthogonal wavelet filters. In another work [7] , the diffusivity function of nonlinear diffusion is shown to have equivalence with Haar wavelet shrinkage. Again, the work is restricted only to the use of Haar wavelet filter.
In this paper, we combine the power of nonlinear diffusion and wavelet shrinkage and generalize their equivalence by establishing a relationship between the standard DWT and nonlinear diffusion. The generalization enables one to perform diffusion filtering utilizing the wavelet coefficients obtained from standard DWT, which is simple and commonly used in image processing research. Thus, one can take advantages of both popular denoising methods -wavelets and nonlinear diffusion -in a single wavelet diffusion framework. We hope that this work will make the wavelet diffusion more widely usable while offering the use of a range of wavelet filters.
This paper is organized as follows: next section establishes the relationship between DWT and nonlinear diffusion after briefly introducing them. Section 3 provides experimental details and presents some qualitative and quantitative results. The paper ends with a brief discussion of results, conclusions and future directions.
Discrete Wavelet Diffusion
We present a brief overview of PeronaMalik nonlinear diffusion and DWT and later show the equivalence between the two frequently used denoising techniques.
Nonlinear Diffusion
The nonlinear diffusion filtering operation is governed by the following nonlinear partial differential equation (PDE):
where $ " (&, ') is the initial noisy image at time " and the solution of the above PDE iteratively yields a filtered version which can be considered as the denoised image. In the above, -(&, ') is the diffusion coefficient controlling the diffusion amount and is typically described by a diffusivity function / of the form:
where |1(&, ')| is the edge estimate at pixel (&, ') , usually approximated by a gradientmagnitude operator, and 3 is the edge threshold parameter. The diffusivity function /(|1|) is a nonnegative monotonically decreasing function and, depending upon the value of the edge threshold 3, encourages homogenous regions with reduced noise while preserving the edges. The nonlinear diffusion PDE of (1) can be expanded to:
substituting the timederivative of $ " (&, ') by its forward difference and discretizing:
Let Δ" = 1 and replacing -(&, '), as defined in (2) above, with 1 − :(&, '), we obtain:
) is the original noisy image. The solution to the above equation yields a denoised image after a certain number of iterations.
Discrete Wavelet Transform (DWT)
Wavelets offer a simple and elegant framework for simultaneous timefrequency and multiresolution analysis. In wavelet analysis, a function is decomposed into a superposition of dilated and scaled versions of a mother wavelet basis function. The decomposition highlights interesting features in the wavelet domain which are often not visible in the spatial domain. In DWT, an image is filtered into four subbands at each resolution and the low frequency subband is further filtered through an iterative process to provide the multiresolution representation. Here, we give an overview of the fast implementation of the discrete wavelet transform (DWT) [8] . The forward wavelet transform (FDWT) operation (termed also as decomposition or analysis) is given by:
where $(&, ') is the given image, ⨂ denotes the convolution operation, and > and @ are onedimensional lowpass and highpass decomposition filters, respectively. The image is decomposed into four subbands; ; < denotes the lowfrequency approximation subband and ? < + , + ∈ {>, A, B} denotes the highfrequency subband at scale < and + being one of the horizontal (>), vertical (A), or diagonal (B) orientations. The original image can be reconstructed through the inverse wavelet transform (IDWT) operation (termed also as reconstruction or synthesis):
where > F and @ G are the onedimensional lowpass and highpass reconstruction filters and derived as conjugate or dual of the decomposition filters > and @ depending upon whether the filters are orthogonal or biorthogonal, respectively. Assuming that the original image $(&, ') is part of the scalespace such that the wavelet coefficients can be manipulated after decomposition, the original image and the reconstructed image can be considered as $ " (&, ') and $ "+1 (&, '), respectively. Using this convention and writing the analysis and synthesis operations in joint form:
where $(&, ')⨂@>(&, ') is the separable convolution of $(&, ') with @(&) and >(').
Transforming the above equation into Fourier domain, we get:
It is obvious from (9) that the perfect reconstruction (i.e., $ "+1 (&, ') = $ " (&, ')) is guaranteed through inverse wavelet transform if,
which is usually the case for conventionally used orthogonal and biorthogonal filters (e.g., Haar, Daubechies, and Coiflet).
Wavelet Diffusion
In this section, we show that the standard discrete wavelet transform can be considered as having the same form as a single discrete step (4) of nonlinear diffusion. Equation (4) can be transformed into Fourier domain:
2U
:KL & , L ' M = :, we obtain:
Taking the inverse Fourier transform of the above equation:
interestingly, the perfect reconstruction condition (10) is also satisfied in this case by considering the values from the above substitutions, ; J 1 . ;
Thus equations (12), (13), and (14) have equivalence with (8), (7), and (10), respectively. It is, therefore, deduced from this relationship of the nonlinear diffusion and DWT that wavelet based diffusion works in three steps: (i) wavelet decomposition into lowfrequency subband ( ; < ) and high frequency subbands (? < + );
(ii) regularization of highfrequency coefficients ( ? < + ) by multiplication with a function :; i.e., ? F < + = : < * ? < + (iii) wavelet reconstruction from lowfrequency subband ( ; < ) and regularized highfrequency subbands (? F < + ).
The regularization step multiplies the highfrequency wavelet coefficients by the regularization coefficient :
)`M is the aforementioned nonnegative monotonically decreasing diffusivity function and `1 < (&, ')` is the wavelet domain edge estimate for pixel (&, ') at scale <. This process of discrete wavelet diffusion is illustrated in Fig. 1 . It must be noted that the wavelet diffusion operation can be considered as an iterative wavelet shrinkage [2] process.
Experimental Results and Discussion
In this work, we used the undecimated discrete wavelet transform (UDWT) though DWT is also a possible option. The wavelet filter used was Haar and decomposition level was restricted to four, after initial experimentation with 1 to 5 decomposition levels. Further investigations on the use of decimated discrete wavelet transform, finding the appropriate number of decomposition levels, and the choice of optimal wavelet filter are left for future work. The diffusivity function / employed is the one proposed by Weickert et al. [9] :
Fig. 1 : Twolevel wavelet diffusion
which is used to derive the regularization function : < . The edge estimate `1 < (&, ')` is approximated by the modulus of the highfrequency wavelet subbands at each scale < (i.e., each scale has its own edge estimate) and is computed by:
(16) A common value of edge threshold 3 in (15) was used at all scales. The images were acquired from the "standard" test image collection of [10] . We used a multiscale approach for wavelet diffusion, in comparison to [4] , by considering each approximation subband at a particular decomposition level as an independent image and highfrequency wavelet subbands of each level were diffused for noise removal. This lead to fewer iterations (about 5 on average) required for denoising in comparison to the singlescale diffusion of [4] which took nearly 20 or more iterations.
We experimented with different values for 3, the results of which are not shown (due to lack of space) where the noisy images were polluted with additive Gaussian noise of signaltonoiseratio (SNR) of 10dB and 15dB . Some visual results for denoising with the proposed wavelet diffusion, Wiener filtering and conventional nonlinear diffusion are presented in Fig. 2 . Our results with varying the values of edge threshold 3 are in line with the results of [4] and, in general, with the conventional nonlinear diffusion. It indicates that a higher value of 3 takes lesser number of iterations to reach the best results but it is prone to oversmooth the image (rather than preserving the edges) in a few iterations. In contrast, a smaller value of 3 takes a higher number of iterations to provide the best results but it usually avoids the oversmoothing effect. Moreover, the diffusion process should stop after a fixed number of iterations or it may actually degrade the image quality by oversmoothing effect. However, according to the authors' knowledge, there is currently no mechanism to determine the best number of diffusion iterations required (either in wavelet based or in conventional nonlinear diffusion methods). In addition, we can deduce from these results that a higher value of 3 provides good results when the amount of noise is high. Fig. 2 shows the visual and quantitative results of the proposed wavelet diffusion and compares these with the results of Wiener filtering and conventional nonlinear diffusion in terms of visual quality, SNR, and structural similarity index measure (SSIM) [11] . Apparently, the SNR values of Wiener filtering and nonlinear diffusion for these images are close to the wavelet diffusion results but the visual quality and SSIM values (in the range of 0 to 1) indicate that the results with the proposed method have superior edge preservation, region homogeneity, and similarity to the original image. It was found in [11] that SNR may give flawed measure of image quality as it is not sensitive to the structure (e.g., edges) in an image. It is evident that wavelet diffusion method either provides comparable or favourable results than both Wiener filtering and Weickert nonlinear diffusion. We experimented with a range of parameter values and chose those values, specified in Fig. 2 , that produced optimal results with the given set of images.
In this paper, we have proposed a generalization of the wavelet diffusion for use with the discrete wavelet transform. We demonstrated that a single discrete step of nonlinear diffusion can be considered as equivalent to the DWT decomposition, high frequency subbands regularization, and reconstruction. We showed also that the wavelet diffusion can operate in multiscale. Image denoising results of the proposed method compared with Wiener filtering and conventional nonlinear diffusion showed that the technique is promising. Moreover, the method smoothes the noise while preserving the important structures such as edges. Further investigations could be done in the use of DWT instead of UDWT, the number of wavelet decomposition levels, the wavelet bases, number of diffusion iterations, comparison with MZDWT based diffusion, and using varying threshold value for different scale. This may require looking for an automatic method of threshold computation. 
